A new kind of passive mechanical damper, tuned liquid damper (TLD). is studied that relies upon the motion of shallow liquid in a rigid tank for changing the dynamic characteristics of a structure and dissipating its vibration energy. A nonlinear model of two-dimensional liquid motion inside a rectangular TLD subjected to horizontal motion is developed on the basis of shallow-water wave theory, where the damping of the liquid motion is included semianalytically. Using the model, the response of a structure with TLD is also computed. The liquid motion inside the TLD under harmonic base excitation and, furthermore, the response of a single-degree-of-freedom structure with TLD, subjected to harmonic external force, are experimentally investigated. The agreement is good between the experiment and the prediction.
INTRODUCTION
Light, flexible, and weakly damped civil engineering structures have been increasing in number. Vibrations of such structures due to wind, earthquake, and other dynamic disturbances can create problems from a serviceability or safety viewpoint. The installation of various types of passive devices including mechanical dampers, is one way to suppress undesirable vibrations.
This paper discusses a new type of passive mechanical damper, tuned liquid damper (TLD), which relies on the motion of shallow liquid inside a rigid tank for changing the dynamic characteristics of a structure and dissipating its vibration energy (Fujino et al. 1988) . Dampers using liquid motion have been in use in space satellites and marine vessels (Bhuta and Koval 1966; Sayar and Baumgarten 1982; Watanabe 1969) . Recent growing interest in liquid dampers for application to ground structures [for example, Modi and Welt (1987) , Fujii et al. (1988) , and Sakai et al. (1990) ] is attributable to several potential advantages, including: low cost; easy installation, especially in existing structures that often have severe space constraints; adaptability to temporary use; almost-zero trigger level; nonrestriction to unidirectional excitation; and few maintenance requirements. Modi and Welt (1987) carried out an experimental and analytical study on a nutation damper (annular tank), which is conceptually the same as the TLD. Their theoretical investigation concerned the energy-dissipation mechanism assuming a potential flow with a nonlinear free-surface condition in conjunction with boundary-layer correction. However, an adequate mathematical model for rectangular TLD is not available.
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Note. Discussion open until March 1,1993. To extend the closing date one month, a written request must be filed with the ASCE Manager of Journals. The manuscript for this paper was submitted for review and possible publication on September 6,Liquid sloshing in a closed basin has been studied in many engineering fields such as coastal engineering [e.g., Chester (1968) and Miles (1967) ]; aerospace engineering (Abramson 1966) , and earthquake engineering. Compared with the aforementioned problems, the liquid in TLD is shallower in order to attain higher damping, which is expected to be closer to the optimal damping value of TLD and has a low natural frequency to tune to long-period civil engineering structures. Sloshing in the shallow liquid possesses strong nonlinearities so that a linear theory is not satisfactory for treating the problem.
The objectives of this study are to propose a model of rectangular TLD with shallow liquid and to verify its validity by experiments. A nonlinear model of liquid motion inside a rectangular TLD, which was recently developed by the writers ) based on the shallow-water wave theory, is briefly explained in this paper. It will be shown that the model is in good agreement with the experiment in the region of relatively small vibration amplitude where breaking of a wave in TLD does not occur.
Based on the aforementioned model of liquid motion, the interaction of TLD and structure is next studied [details are in Chaiseri et al. (1989) ], and the performance of a rectangular TLD attached to a structure that is subjected to an external harmonic force is discussed. An experiment is also carried out to confirm the validity of the TLD model as well as the effectiveness of TLD.
MODELING OF LIQUID MOTION INSIDE RECTANGULAR TLD
The rigid rectangular tank (Fig. 1) , which has a length 2a and the mean liquid depth h, is subjected to a horizontal motion x s . The local Cartesian coordinate system (o-x-z) is attached to the tank, and its origin is placed at the center of the mean liquid surface. The following discussion is restricted to continuous surface condition (no wave breaking). The liquid particle motion is assumed to develop only in the x-z plane. It is also assumed that the liquid is incompressible, irrotational fluid, and the pressure p = p (x, z, t) is constant at the liquid free surface.
Derivation of Basic Equations
The full equations governing the problem are the continuity equation and the two-dimensionalNavier- Stokes equations, u = u(x, z, t),w = w(x, z, t) are the velocities of liquid particle (relative to the tank) in the x-and z-direction, respectively. For liquid having relative small viscosity, the effect of internal friction in the fluid is appreciable only in the boundary layer near the solid boundary. From this hypothesis, the equations of motion become du du du 1 dp .. r ,. , 
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where h = the thickness of boundary layer and is in the order of several percent of the representative length h in this study (Jonsson 1966) ; and p and v = the density and kinematic viscosity of liquid, respectively. The boundary conditions are
p = p 0 = constant at the free surface (z = n) (9) where D/Dt = material differentiation, and -n = t\(x, t) = the free-surface elevation.
The velocity potential function 3> is assumed for the main flow. Based on the shallow-water wave theory, <E> is assumed as (Shimizu and Hayama 1987) <£> (x, z, t 
With the aid of (10), the vertical velocity w and its differentials can be expressed in terms of the horizontal velocity u. The governing equations are integrated with respect to z from bottom to free surface and the basic equations (Sun 1991) 
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where v = tanh(kh)/(kh); <\> = tanh[k(h + r\) ]/tanh(kh); T" = tanh(fc(/j 4-t))]; u{r\) = u{x, t\, i) = the horizontal velocity of surface liquid particle; and k = wave number. Eq. (11) is the integral of the continuity equation while (12) is obtained from the equations of motion after eliminating the pressure p. The independent variables in these basic equations are u(r\) and T|. The first term of the right-hand side of (12), which is the integral of the second term of the right-hand side of the equation of motion inside the boundary layer [ (4)], is referred to as the dissipation term. Details are given in the paper by Sun et al. (1989) .
Damping of Liquid Motion
The effect of damping on liquid motion is significant near resonance and, hence, must be considered carefully in the modeling of the tuned liquid damper. In the present formulation, assuming that the shear stress outside the boundary layer is negligibly small, the dissipation term in (12) can be expressed as
where T 6 = pv(du/dz) z=^h = the bottom shear stress. According to the linear theory of the boundary layer (Lamb 1932) , T b = pVcov «(T|)/V2, and, therefore
So far, only the damping effect of the bottom boundary layer has been considered in the basic equations. Vandorn (1966) reported that the damping of liquid motion in a tank observed from his experiment is larger than that computed only on account of the bottom boundary layer. Miles (1967) also studied the damping of surface waves in a closed basin and suggested that the dissipation term should be multiplied by [1 + (2h/b) + S], where b is the width of the tank, to account also for dissipation due to side-wall friction and liquid surface contamination. It is regarded that the friction of sidewall boundary layer is the same as that of bottom boundary layer; 2h/b is an equivalent coefficient of the damping effect per unit width due to the side-wall boundary layer. S is a surface-contamination factor that accounts for damping due to stretching effect in the contaminated liquid surface. This can be varied theoretically between 0 and 2 (Miles 1967) . A value of unity for S will be used in this study, which corresponds to the establishment of fully contaminated surface. Miles (1967) and Lepelletier and Raichlen (1988) also used 5=1.
The dissipation term with the inclusion of the effects of side wall and free surface is
where X is evaluated as
Numerical Simulation Method
The basic equations [(11) and (12) ] are discretized with respect to x into difference equations (staggered mesh) and can be solved numerically. The free-surface waves originally possess a dispersion character. This is replaced by the dispersion relation, which is produced by the discretization of the basic equations with proper choice of a suitable division number n. The dimensionless wave number is taken as ir/(2a), since the frequency around the fundamental natural frequency is of main concern. In this paper, n is calculated using (Shimizu and Hayama 1987) (17) where e = hi a.
After determining the division number n and with the corresponding boundary condition
and the initial conditions
the difference basic equations are solved using Runge-Kutta-Gill method and H(T|) and r\ can be computed. The liquid-induced horizontal force acting on the walls of the tank is computed from hydrostatic pressure. The base shear force of the tank is the difference between the hydrostatic pressure in both sides of the walls. Contribution of forces due to frictions of side wall and bottom to the base shear force is small and neglected.
SHAKING-TABLE EXPERIMENT AND COMPARISON WITH SIMULATION

Experimental Apparatus and Procedure
To assess the validity of the model and to study further the characteristics of liquid motion in TLD, a forced harmonic excitation experiment was carried out. A rectangular TLD tank, with length 2a = 59.0 cm (measured along the direction of excitation) and width b = 33.5 cm, being made of 0.5-cm thick acrylic plates, was excited horizontally by a shaking table (Fig.  2) . The TLD tank was partially filled with plain water of h = 3.0 cm depth, corresponding to liquid depth ratio E = hi a = 0.1. Water mass m, was about 5.93 kg. From the linear wave theory (Lamb 1932) , the fundamental natural frequency of liquid sloshing motion, /"" is '"-^WfM^H 458 " 2 (2o)
i.e., the natural period was T w = 2.18 s. A capacitance wave gauge was installed at a distance of 1.5 cm from the end wall in order to measure liquid surface elevation at the end wall of the tank. For measuring the base shear force of TLD tank, two load cells LI and L2 were used to cancel the inertia force due to the TLD tank itself. Note that M 0 in Fig. 2 is the mass that is equal to that of the tank. Output LI -L2 is the base shear force of TLD purely due to liquid motion. In the experiment, the TLD was quiescent at the start of table shaking. It was excited sinusoidally with various amplitudes. For four amplitudes of displacement of shaking table, A = 0.1 cm, 0.25 cm, 0.5 cm, and 1.0 cm, the excitation frequency / was varied in the range of 0.8 < ///", < 1.3.
The quantities measured in the experiment were: (1) Displacement of shaking table, x s ; (2) liquid free-surface elevation at the end wall, %; and (3) base shear force of TLD due to liquid motion, F. Fig. 3 shows sample time histories of displacement of shaking table, x s ; liquid free-surface elevation at the end wall, i\ Q ; and base shear force, F, with liquid motion at steady state. The wave forms of these time histories vary as the excitation frequency or the base amplitude varies. Unsymmetrical wave form can be observed even under the harmonic excitation of small amplitude [ Fig. 3(b) ]. At certain excitation frequencies, two or three waves can be observed in one cycle [for example, Fig. 3(c) ].
Results of Experiment
Several parameters are simply normalized and defined as follows for the presentation of results.
Liquid free-surface elevation, T| 0 equals 0 at still-liquid free surface. During liquid motion, t] 0 has at least one maximum value T) max (wave crest) and one minimum value T| min (wave trough) in one cycle (Fig. 3) where T = the period of excitation, i.e., 2TT/O). It should be noted that m w (o>A) 2 /2 is just a reference value to nondimensionalize but not the energy of liquid motion.
Comparison of Numerical Simulation with Experimental Results
In numerical simulation, the motion of TLD was assumed to be quiescent at t = 0. The time increment was 1/60 of the excitation period of shaking table. The computation was carried on until 80 periods where liquid motion was regarded to have reached steady state. Fig. 4 presents the measured transient time history responses of base shear force, F, for the input base amplitude A = 0.25 cm. Numerical simulations corresponding to these cases are also shown for comparison. The wave forms of liquid motion vary as the excitation frequency changes. At///", = 1.001, two waves in one cycle can be observed. This is a nonlinear effect of the second higher harmonic of liquid motion, which is excited at an excitation frequency about one-third of the second natural frequency of liquid motion. At ///", = 0.951, even the third higher harmonic can be observed clearly. For liquid sloshing motion in a rectangular tank, the natural frequencies are related as 0^ ~ 3o> 2 ~ 5a> 3 ~ . . ., where co" notes the natural frequencies of nth higher harmonics in the TLD under horizontal motion and can be expressed as
Near the fundamental resonance, quadratic nonlinearity and cubic nonlinearity induce coupling with the second and the third higher harmonics, respectively, thereby changing the liquid motion qualitatively (Nayfeh and Mook 1979) . Comparing the numerical simulation with the experimental results, good agreement can be seen, i.e., the model developed here is satisfactory in predicting not only the fundamental resonance but also the nonlinearity that induces higher harmonics of liquid motion. displacement amplitude of 0.25 cm. One can find also in Fig. 5 that the simulation results agree well with those of the experiment. In Fig. 6 , the nondimensionalized quantities, tim ax , irim in (surface elevation), F' m (maximum base shear force) and A£' (energy loss in TLD per cycle) are plotted for the frequency-ratio range of 0.8 < flf w < 1.3.
All of the cases in the experiment indicate that the liquid motions possess strong nonlinearity [Figs. 6(a)-(d) ]. The fundamental resonant frequency ratio is greater than 1.00 even for the smallest input-amplitude case (A = 0.1 cm). At a certain value of frequency ratio larger than 1.00, T|^a x jumps down suddenly, indicating that the nonlinearity of liquid motion is a hardening-spring type. As the input amplitude increases, the resonant frequency ratio becomes larger, i.e., the nonlinearity becomes stronger. The resonant frequency for the base amplitude of 0.1 cm is about 1.1 /", and increases to about 1.25 /", for the base amplitude of 1.0 cm.
Local peaks of f]' m . ax (and also of F'", and AE) at frequencies less than the fundamental resonant frequency, can be found in Fig. 6(a), (b) , and (c) and these are due to the appearance of higher harmonics as seen in Figs. 3  and 4 .
For the relatively small amplitude excitation (0.1 cm, 0.25 cm, 0.5 cm), the simulation can predict well the experimental results, i.e., T| m,x> "umax^ F' m ,andAE'.
For the input amplitude of 1.0 cm, however, wave height exceeded the liquid depth, h, and existence of breaking wave was also visually identified [ Fig. 6(d) ]. In this case, the simulation results do not agree with those of the experiment. The simulation overestimates TI^ and F'"" although the resonant frequency ratio is well predicted. It should be noticed in Fig. 6(d) that the simulation underestimates A£' in the range 1 < ///", < 1.25. This is probably because the energy dissipation for the base displacement amplitude of 1.0 cm or larger is due not only to viscosity of liquid but also to wave breaking. All these results indicate that the model developed here is valid as far as the continuous free-surface condition is satisfied. In further increases of the base amplitude, A (>1.0 cm), f]' max , t]' mAX , F' m and AE' did not show clear resonance peaks and became very flat over a wide range of flf w .
In structures with TLD, their vibration amplitudes may be still in a range where breaking wave in TLD occurs. To make the TLD model valid even in wave-breaking condition, an equivalent damping coefficient, \ eq due to wave breaking may be introduced into the basic equations. This way of correction is found to explain the experimental results well (Sun et al. 1991) .
TLD-STRUCTURE INTERACTION
Interaction Model
TLD-structure interaction in a linear single-degree-of-freedom (SDOF) structure with attached TLD (Fig. 7) , can be studied using the TLD model developed.
The equation of motion of the structure, which is subjected to sinusoidal external force F e = F so sin wf and TLD base shear force F, can be expressed as 
where to s = V(kjm s ) = the undamped natural frequency of the structure; 4 = the damping ratio; m s = the mass of structure; and F (which comes from TLD) = a function of the surface elevation r\ and the surface particle velocity M(T|) at the end walls of TLD tank as described previously. The quantities T\ and u(r\) are functions of x s [see (11) and (12)]. Accordingly, at each time step in the numerical simulation, x s , v\, and U(T]) are computed simultaneously from the three coupled equations [(11), (12) , and (25)].
Forced Excitation Experiment
The structure model used in the interaction experiment was an SDOF platform vibrating horizontally in a shear-type motion (Fig. 7) . The structural mass, m s was 168 kg. The natural frequency,/,., was 0.91 Hz (natural period T s = 1.10 s). The damping ratio of the structure model was 0.32% as measured from the free oscillation without TLD. A tank with the size 25 cm x 32 cm x 11 cm (height), was used as TLD. Water depth h in TLD was determined such that the fundamental natural frequency of sloshing motion was approximately tuned to the structural natural frequency. Note that this TLD size is different from the shaking-table experiment.
The external sinusoidal force exerted to the structure was the inertia force of the oscillating part of an exciter that was mounted on the platform. The external force amplitude was accordingly maintained constant by keeping constant the amplitude of acceleration of the oscillating part relative to the platform. Sweep of excitation frequency, / was done with the frequency ratio flf s ranging from 0.85 to 1.15. The digitized data of structural displacement response x s and liquid surface elevation at the end wall of the tank r\ a , at steady state, were measured in the experiment.
The constant amplitude of exciting force for that frequency range, was selected such that the structure without TLD vibrates at the steady-state amplitude A 0 of 1.0 cm at resonance. After attaching the TLD, structural response was affected as will be discussed in the next section. The liquid depth used in the experiments was considered shallow, i.e., liquid depth ratio E = liquid depth/tank half length ~ 0.2.
TLD Effectiveness in Experiment and Simulation
The response of the structure with TLD (mass ratio u. = water mass mj structural mass m s is about 1.0%, is shown in frequency response plots in Figs. 8(a) and (b) . Note that in Figs. 8(a) and (b) the setting orientation of the tank relative to the direction of platform motion is different, even though the mass ratio JJ, is almost the same. The results of the frequency sweep test toward higher frequency and backward show no effect of initial condition on structural response. It can be seen in both Figs. 8(a) and (b) that at the region of resonance (f/f s ~ 1.0), the vibration amplitude reduces drastically upon attachment of the TLD. No obvious wave breaking was visually observed in either case. Comparing Figs. 8(a) and (b) , however, it appears that the tank with 2a = 25 cm and h = 2.1 cm has a better performance than that with 2a = 32 cm and h = 3.6 cm. This can be attributed to the difference in liquid damping X of the two cases.
The results of the numerical simulation using the TLD model are shown as solid lines in Fig. 8 , and they agree well with the experiment. Small discrepancies can be observed that may be partly due to some irregularities in the shape of the tank. A commercially available tank made of polypropylene has been used, although it is not perfectly rectangular, e.g., the bottom is not completely flat. Note that the numerical analysis is sensitive to the liquid depth h in terms of value and position of local peak in the frequency response. Small error in evaluation of h is not avoidable. Further details are given by Chaiseri et al. (1989) .
COMPARISON OF TLD WITH TUNED MASS DAMPER (TMD)
The mechanism of TLD is basically similar to that of TMD (Fujino et al. 1990 ). Fig. 9 shows the frequency response curves for comparing TLD and TMD effectiveness. Both dampers are optimized with a selected mass ratio of 1%. The optimal parameters of TMD are determined according to Warburton and Ayorinde (1980) . The TLD tank in this example is the same as that used in the preceding example. The value of X can be changed by changing the viscosity of liquid. After some trials, X = 2.25X H , is found to be optimal in this example. Fig. 9 shows that, if optimized, the efficiency of TLD is comparable to that of TMD.
CONCLUDING REMARKS
A two-dimensional model of liquid motion in a rectangular TLD was developed using the shallow-water wave theory, in which the damping effects due to solid boundary friction and free-surface contamination were included. Wave breaking was not considered. The interaction of TLD and structure subjected to harmonic or nonharmonic external force can be evaluated by using the developed model. A shaking-table test of TLD was conducted to clarify its basic properties. The interaction of TLD and structure was also experimentally studied.
Good agreements between experimental and simulation results were observed provided that no wave breaking occurred in the experiments. This indicates that the proposed model can be used for designing TLD when rather small structural vibrations are of concern from a serviceability point of view.
It is shown that the effectiveness of TLD could become comparable to that of TMD if liquid damping can be controlled to a appropriate level.
As a new type of damper, the TLD described herein has certain advantages as previously mentioned, and has been gaining wide applications in civil engineering. In fact, TLD or liquid dampers similar to TLD have been already implemented in Japan, and satisfactory performance is reported (Fujii et al. 1988; Noji et al. 1988; Yoneda et al. 1989; Ueda et al. 1991) .
